
SWANSEA SUMMER SCHOOL in NONLINEAR PDEs
.

Course on

FULLY NONLINEAR DEGENERATE ELLIPTIC EQUATIONS :

QUALITATIVE PROPERTIES of VISCOSITY SOLUTIONS.

PLAN :

L
.

1 : Definitions of Visosity Secutions : motivations
-

& Jasic properties
L

.
2 : Comparison principles ; strona maximum

principles . (SMP).

L
.
3 : SMP : examples

Lionville properties : some classical results
.

L
.

4 : Lionville properties for visosity sub-socutions.

REFERENCES : for Lectures 1-2 :

[C12] Candell-Ishi - P
.

L
. Lions : Users' guide .... 1992

IBCDJ M
.
B

.

- I
. Capuzzo-Dolcette : book on Hamilton-Jambi

egs. Birklieuses 1997

[CC] Caffarelti-Cabré : book AMS 1995

[K] S
.
Koike : A beginner's g

vide to visosity solutions
M

.
S
.
J

.
Memoin 2004

[GT] Gilbarg - Tradingen .
book Springen 1983

LECTURE 2 : Joly 1
,
2024



On SUB-ELLIPTIC equations

[BLU] Bonfiglioli ,
Lanconelli

, Uguzzoni , book Springen
2007

[MJ J
. Manhedi : Lecture notes on FULLY NONLINEAR

subelliptic equations 2003

--

REFERENCES for lectures 3-4:

M
. B

.

- ANNALISACESARONI
,

J
.
D

.

E
.
2016

M . B .

- ALESSANDRO GOFF1 : Calc .
Var

·
PDE 2019 Con SMP)

· Math .
Ann. 2022

· Adv
. Diff . Egs .

2023

--

&

LECTURE 1
, July 1 ,

2020

Fully nonlinear 24 oder PDE :

(E) F(x, u , Du , Pru) = 0 ine EM "open

F : it XIRXIR"x - in CONTIN voUS

E DEGENERATE ELLIPTIC if

F(X
,
2
,
p
, E) - F(x ,

2
, p ./ FE-10

NON INCREASINC CAu =o * E

El or F is PROPER it ,
in addition



F(x ,
2
, p , E) #(X,

e
, p , ) if : e

N ON DECRE AS INC ,

MAIN BASIC Properties of CEI PROPER.
&

is a form of MAX , MUM PRINCIPLE
:

if nechel F(X
,
M

,
Du

,
D2u) o

↳ imm

yec(n) F(x , 4 , Py ,p[y) > 0

then n - 4 Cannot here a NONNEGAT

LOC INT . MAX. Xo fr

PE If M-4)(0) 20 is a loc not

UStolzy(x)
, D(u-y)(t) = 0 D (n-y)Foldo

Du(x) Da y(x) =

0 < F(r
, yeX. ) ,

Dy(xd) ,Dy(r)) =

F(xo
,
u(Xo)

,
Du(xo)

, Ductol)
Co

① Ab

Examples ·
Ist order egs.
-

H(X ,
u

,
Du) = 0 HEC

= PROPER
2 +> H(X ,

2
, p) nowlenea

.



· semilineo

- te (A(x) D-u) + f(x, u , Du) = o

Prope if ACX 10
, 2Kf(x, 2, p) Nordes.

-=>

prope

· H-J-BELLMAN es .
a = peremete .

Lin = - tr(A4(X) D5u) + b(X) · Du + c(*)h-edcA
CTuRFInT = SUD Lau = 0
a inf

2 cu = 0

La
proge a => F & < ore prote

OPTIMAL STOCHASTIC CONTROL

Cer: PUCCI nex ops , Malge - Awhee ... (

& MANY GEOMETRIC EQUATIONS

⑳ SUBELLIPTIC EQS .

e Irh

GIVEN mkn) rector field (Es . . . . , Em) = It

"Horizontal" of a is

(Ejn , .... Enh) = DCE
h

Horizontal Herien



Djh = ) Ei Ejh) i
,
0 = e, ....,

n

Sub ,

el.

5 (X ,
4

, Djjn , 3h)
=

) = -
-e iu ,2)

a prove => # prove

l
. g .

SUBLAPLACIANS - te De U

--

DEFINITIONS of VIScosity SOLUTIONS

Runk
.

Max
.
Princ inplies a COMPARIS ON

-

PRINC :

neccal
,
FIny So ina =>

↓ yeccell F Bee F[4] So in B

I= y abi
(P)

- n = y in $ ↑

PA10! neUSC(r) is a Vise
.

SUBsor. of (E)

if EyeC(M FBEM Fly330 in B

u =4 ordB

= h1y in B . [Caffarelli... ]



DOL2 TCEL] [k](i) neuscel is a V.
SiBSOL if

uge(r) Fer loc . waxpt. of n - y

F (0
,
n
,
Dy

, Pry)/x o

in nelscerl is a V . SUPERSOL if

Eyecer) #to er le M . pt of n - y

F
.,
4
,
44,23)/x

.

0

si g necc) a Visc
. Sol

.
is a SUB-

& SUPERSOL .

Rank it is equin STRICT MAX & Mia
-

of n = 4 (u(X0) = y(X0)
-

~
yechw

- &

RmhS · CONSISTENCY :
n V .

Sol. of E
-

n twice diff . le at 0 = F(x
,
U

, Dult) , PEC)
-o

· MOTIVATO OF NAME

(HJ) n
+
+ H(x ,b) = 0



E > 0

(E) uj + H(x , pus) = SAus

EnYo USR-> n loc
. unit

27 u is a viscosity sel . of #51

PA Exercice. EX . STABILITY of

VISCOSITY SoL.

---

CORNERSTONE RESULT .
1 COMPARISON PRINDOLES

among suB & SUPERSOLS .

For Dizichlet pbs .

(PI FIUJ So 1 FIrT zu
VI Sco. SEer Se

T

in el open her on or =>ner in M
↳

N
I

B
. (P) = UNQUENESS Of V . SOL Se
F [n] = 0 in i

&
n = g given on . 22

Q · When is 901 tre ! (F = 0)-

A short history 1st mol egs.
- -

· CRANDALL-EVANS-PL 1984

STRUCTURE Gu ++r, Dul
=o 5 > o

or ut + H(t, h) = 0 i Jo ,TI
2



< CP's usV at t = o = > her in 1.

w(e) hin w(r) =-
if e

. 8. 1 -> 0X

(SH) (H(X , p) - H(y
,
p)1 =: w(x-y)(1 + 101) ·

24 noegs · G . Jesse 1988

~ n + F(Du ,
p-u) - f(x) =0 i > 0

CIL : 89-yo u
+ F(X ,

Du
,

Du) = 0

with "Lip type ass .

"

in X.

Ex : F = -te(ACH)P2u) +H(t, Du) = 0
-

63 0 du+Fi] sets
.
(P1 if

H sets (RH) & A(x) = -C OT(
TeLip ..

What about d = 0
??

OI
· R

.

Jensen (PI is oh fer =o if t is

UNIFORMLY ELLIPTK: FOEM : N20

↓ (INIl c = (x
,
2

,
p
,

M - N) - F(x, m ,
P
,
MI IINI

Ex .

F = - h(A()D2u) + H(X ,
Du) [SL)

UN
.
EL

. C)J = diCA) ↓ Fx

Teigenvolme



② 0
.

ELL
. Se 1521 ande relaxed to

ACxIz0 & Fj : ajj(30 xer

- SUPER : AN) = WAT()

u = (02 ... rm) (07 ok
. if Ij

Wo Ver
- o -

ECTURE2
· STRONC MAX PRINCIPLE.

-IRh Open CONNECTED

Lu =
-
tre (A(x) DPu) + b(x) . Dc + c (x)u

Thm (Hopf 1927) <Io ,
A unit. ell

.,
A

,

b,

bold
. UEC(r) : Lu so

If u hesa hohref ,
hat at to fot =>

h = constant in -.

RR Trivi Luco A Xo

-
trAba + 3 . Du + in 20
- 11

20 O - ⑮

Conside
.

Lu =
- tr(AC ,DEu) AC =Cre

20

v = (51..., th) teR" Lip .



Let neuscel rise
.

Subson of La so in M
.

Ass. UCt)= M = met u
i

Propregation set P = (ver : u(x) = M.

If P = r Sap holh

y = z+ri

- 2
o,

6

Assume Per M-L O·Dott U = Bony ext . World to P P
18 1 = 1

at zc &P it

= R301 B(z+ V , R)np = (z)
11

y

LEMMA (55 . r)(z) = 0 Vi = 2, ... m
-

All os are telgentie to p.

RMK = Hopf therrm
. If 25 are abasis

- of 14

Of
~

of hemea
. By contredict

. Ass 15TH >0.-
-

V(X)) = e
-GR2
-e
- C(x -y(z 2 > u

CLAIM ! Lv so in B(z
, 2)

D v = 28e
- 2/X- yR(X

-2)
- no

- pr

(2 v = 28 e t(eR(1 - 2r(x =y)(x-E))
/



(V(z) = - tura) = -ere-risc.

(A(A)-20Rmmmrutrou/ 20 Gelat

Lvo in sull bell B (E ,21

Step. 2 & = B(z ,
2) n B(y

,
R)

- Vio⑤.
Cle im u(x) - M = Ev(x) inS - E
- -Il - in
v , subse

↑
surees 11h P

by CompanisonPliz (P)

become UCX-M10 S
↳

en

V = o

u(x) - Ma - G
-gO

- Era Smell : h(xl-MIEVIA)
I

⑮Clain
.

Step3
u(x)

- Ev(x) = M = u(z) ind

= at z
(ing)

n-ar has a nex at

n-z v hes its mil B(7 ,
2) at z



Def
.

Visco Suisol:

L([v)(z)= o ① Step 1
Il

LV > 0
ELV

T

↳ Hopf them, is twe to neusa

visco Subsel not. necessarily c2

Tomomow
-

Bony MAX PRINCIPLE


